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A TORELLI THEOREM FOR MODULI SPACES OF PARABOLIC VECTOR
BUNDLES OVER AN ELLIPTIC CURVE
THIAGO FASSARELLA AND LUANA JUSTO
Abstract. Let C be an elliptic curve, w ∈ C, and let S ⊂ C be a finite subset of cardinality at
least 3. We prove a Torelli type theorem for the moduli space of rank two parabolic vector bundles
with determinant line bundle OC(w) over (C,S) which are semistable with respect to a weight vector(
1
2
, . . . , 1
2
)
.
1. Introduction
Let C be a smooth complex curve of genus g ≥ 2 and fix w ∈ C. Let M be the corresponding
moduli space of semistable rank two vector bundles having OC(w) as determinant line bundle. A
classical Torelli type theorem of D. Mumford and P. Newstead [MN68] says that the isomorphism
class of M determines the isomorphism class of C. This result has been extended, first in [KP95,
Theorem E] to higher rank and later to the parabolic context, which we now describe.
We now assume g ≥ 0. Let S ⊂ C be a finite subset of cardinality n ≥ 1. Let Ma be the moduli
space of rank two parabolic vector bundles on (C,S) with fixed determinant line bundle OC(w), and
which are µa-semistable, see Section 2. The subscript a refers to a particular choice of a weight vector
a = (a1, . . . , an) of real numbers, 0 ≤ ai ≤ 1, which gives the slope-stability condition. The moduli
space associated to the central weight aF =
(
1
2 , . . . ,
1
2
)
is particularly interesting, for instance when
g = 0 and n ≥ 5 it is a Fano variety that is smooth if n is odd and has isolated singularities if n
is even, see [Muk05, Cas15, AM16, AFKM19]. In this context of parabolic bundles, a Torelli type
theorem has been obtained in [BHK10] for g = 0 and weight vector aF , in [BBR01] for g ≥ 2 and
small system of weights and [AG19] deals with the case g ≥ 4 and arbitrary rank. We focus on the
case g = 1 (see Theorem 4.11):
Theorem 1.1. Let C and C ′ be two elliptic curves. Let S ⊂ C and S′ ⊂ C ′ be subsets of cardinality
n ≥ 3. Given w ∈ C and w′ ∈ C ′, consider the two moduli spaces MaF and M
′
aF
of µaF -semistable
parabolic vector bundles, over (C,S) and (C ′, S′), with fixed determinant line bundle OC(w) and
OC′(w
′), respectively. If these moduli spaces are isomorphic, then there is an isomorphism C −→ C ′
sending S to S′.
The assumption on the number n of parabolic points is necessary, when n = 2 the corresponding
moduli space MaF is isomorphic to P
1 × P1, see [Var19].
The main ingredient in the proof of Theorem 1.1 is a classification, up to elementary transformations,
of indecomposable parabolic vector bundles on (C,S) which are not µaF -stable, see Proposition 4.2.
As consequence of this proposition we show that the complement of T ∗MsaF in H
s
aF
has codimension
at least n2 , where H
s
aF
denotes the moduli space of µaF -stable parabolic Higgs bundles over (C,S)
which are trace-free, see Proposition 4.7, and the rest of the proof of Theorem 1.1 follows the approach
of [HR04, BGM13, AG19].
Notation and conventions. Throughout the paper we work over the field C of complex numbers.
When L is a line bundle over a variety X, we often write Γ(L) for H0(X,L). If S is a divisor on X we
write L(S) for L⊗OX(S).
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2. Rank two parabolic vector bundles
Let C be a smooth irreducible complex curve of genus g ≥ 0. Fix p1, . . . , pn ∈ C distinct points and
denote by S = p1 + · · · + pn the effective reduced divisor determined by them. By abuse of notation
we often write S for {p1, . . . , pn}. Let ωC denote the canonical sheaf of C.
A quasiparabolic vector bundle Ev = (E,v), v = {Vi}, of rank two on
(
C,S
)
consists of a holo-
morphic vector bundle E of rank two on C and for each i = 1, . . . , n, a 1-dimensional linear subspace
Vi ⊂ Epi . The points pi’s are called parabolic points, and the subspace Vi ⊂ Epi is the parabolic
direction of E at pi.
Fix a weight vector a = (a1, . . . , an) of real numbers 0 ≤ ai ≤ 1. The parabolic slope of (E,v) with
respect to a is
µa(E) =
degE +
∑n
i=1 ai
2
where degE = deg(detE). Let L ⊂ E be a line subbundle. For each i = 1, . . . , n, set
ai(L,E) =
{
ai if Lpi = Vi,
0 if Lpi 6= Vi.
The parabolic slope of L ⊂ E with respect to a is
µa(L,E) = deg(L) +
n∑
i=1
ai(L,E).
A quasiparabolic vector bundle (E,v) is µa-semistable (respectively µa-stable) if for every line
subbundle L ⊂ E we have µa(L,E) ≤ µa(E) (respectively µa(L,E) < µa(E)). A parabolic vector
bundle is a quasiparabolic vector bundle together with a weight vector a. Two parabolic vector bundles
are called to be S-equivalent if their associated graded bundles are isomorphic, see for example [MS80].
For each fixed d ∈ Z, there is a moduli space Ma(d) parametrizing S-equivalence classes of rank
two quasiparabolic vector bundles Ev = (E,v) on
(
C,S
)
, with degE = d, which are µa-semistable.
If L is a line subbundle with degL = d, we denote by Ma(L) the subvariety of Ma(d) given by those
parabolic vector bundles with detE = L.
The moduli space Ma(d) is a normal projective variety of dimension n− 3 + 4g, if it is not empty,
see [MS80, Yok95, Bho96], whereasMa(L) has dimension n−3+3g. By twisting vector bundles with
a fixed line bundle L0, we see that Ma(L) ∼=Ma(L⊗ L
2
0).
From now on we assume that C is an elliptic curve. Given w,w′ ∈ C we can see that
Ma(OC(w)) ≃Ma(OC(w
′)).
Indeed, the isomorphism is obtained by twisting vector bundles with a fixed line bundle L0, where L0
is a square root of OC(w
′ − w). We write simply Ma for the corresponding moduli space
Ma =Ma(OC(w)).
LetMsa be the Zariski open subset parametrizing stable parabolic vector bundles. The central weight
aF =
(
1
2
, . . . ,
1
2
)
plays an important role in this work.
There is a correspondence between quasiparabolic vector bundles, called elementary transformation,
which we now describe. Given a subset I ⊂ {1, . . . , n} of even cardinality we consider the following
exact sequence of sheaves
0 → E′
α
→ E
β
→
⊕
i∈I
E/Vi → 0
where E/Vi intends to be a skyscraper sheaf determined by Epi/Vi, i.e., for an open subset U of C we
have (E/Vi)(U) = Epi/Vi if pi ∈ U and {0} otherwise. The map β sends s to ⊕i∈Is(pi). If E is locally
generated by e1, e2 as OC-module near pi with e1(pi) ∈ Vi, then E
′ is locally generated by e1, e
′
2, with
e′2 = xe2, where x is a local parameter. In particular E
′ is locally free of rank two. We view E′ as
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a quasiparabolic vector bundle (E′,v′) of rank two over (C,S) putting V ′i := kerαpi . Notice that we
have the following equality
detE′ = detE ⊗OC
(
−D
)
.
whereD =
∑
i∈I pi. The stability condition is preserved after an appropriate modification of weights, if
(E,v) is µa-semistable then (E
′,v′) is µa′-semistable with a
′
i = 1−ai if i ∈ I and a
′
i = ai otherwise. In
particular, since D has even degree, by choosing a square root L0 of OC(D) we obtain an isomorphism
between moduli spaces elemI,L0 :Ma →Ma′
elemI,L0 : (E,v)→ (E
′,v′)⊗ L0
When a = aF it turns out to be an automorphism of MaF , we call it an elementary transformation
over I. We denote by El ⊂ Aut(MaF ) the group of all elementary transformations.
When I has odd cardinality the parity of the degree of E is modified, for instance by performing
an elementary transformation centered at one parabolic point pi, we see that Ma(L) ∼= Mai(L ⊗
OC(−pi)), where
ai = (a1, . . . , 1− ai, . . . , an).
3. Rank two parabolic Higgs bundles
3.1. Parabolic Higgs bundles. Let Ev be a quasiparabolic vector bundle on (C,S). An endo-
morphism f : E −→ E is called parabolic if f(Vi) ⊆ Vi for every i = 1, . . . , n. We denote by
End(Ev) the sheaf of parabolic endomorphisms. A parabolic endomorphism is called strongly parabolic
if f(Epi) ⊆ Vi and f(Vi) = 0 for every i = 1, . . . , n. The sheaf of strongly parabolic endomorphisms of
Ev will be denoted by SEnd(Ev). We denote by End0(Ev) and SEnd0(Ev) the sheaves of parabolic
and strongly parabolic endomorphisms of vanishing trace.
A traceless Higgs field on Ev is a section
θ ∈ Γ(SEnd0(Ev)⊗ ωC(S))
and a traceless parabolic Higgs bundle (Ev, θ) on
(
C,S
)
consists of a quasiparabolic vector bundle Ev
together with a traceless Higgs field θ on Ev. It is µa-semistable (respectively µa-stable) if for every
line subbundle L ⊂ E invariant under θ, we have µa(L,E) ≤ µa(E) (respectively µa(L,E) < µa(E)).
Given d ∈ Z let Ha(d) be the moduli space parametrizing S-equivalence classes of traceless µa-
semistable parabolic Higgs bundles (Ev, θ) on
(
C,S
)
with deg(E) = d. For a fixed line bundle L of
degree deg(L) = d, we denote byHa(L) the subvariety of Ha(d) given by those parabolic Higgs bundles
with fixed determinant detE = L. The existence of these moduli spaces follows from [Yok93, Yok95].
Similarly to parabolic vector bundles, given w ∈ C we assume that L = OC(w) and write Ha for
the corresponding moduli space
Ha = Ha(OC(w))
and Hsa for the locus of µa-stable Higgs bundles.
The moduli space Ha is a normal quasiprojective variety of dimension 2m, where m = dimMa.
When Ev ∈M
s
a then it follows by [Yok95, Theorem 2.4] that
T ∗EvM
s
a
∼= Γ(SEnd0(Ev)⊗ ωC(S)).
We can perform an elementary transformation elemI,L0 : Ha → Ha′ , as described in Section 2, on
the pair (Ev, θ). For instance, since θ is strongly parabolic then Res(θ, pi) is nilpotent with respect to
the parabolic direction Vi of E, i = 1, . . . , n, then its restriction to E
′ ⊂ E induces a homomorphism
θ′ : E′ → E′ ⊗ ωC(S)
which is nilpotent with respect to the parabolic direction v′ of E′. If e1, e2 are local sections which
generate E near a parabolic point pi with e1(pi) ∈ Vi then θ is given by
θ =
(
xa b
xc −xa
)
while that
θ′ =
(
xa xb
c −xa
)
.
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3.2. The Hitchin map and spectral curves. Given (Ev, θ) ∈ Ha, since Res(θ, pi) is nilpotent for
every parabolic point pi ∈ C, then det(θ) lies in the linear subspace
Γ(ω⊗2C (S)) ⊂ Γ(ω
⊗2
C (2S))
consisting of sections of Γ(ω⊗2C (2S)) vanishing at p1, . . . , pn. The Hitchin map is defined as
h : Ha −→ Γ(ω
⊗2
C (S))
(Ev, θ) 7−→ det(θ).
We shall describe the fibers of the Hitchin map, for this purpose we recall the definition of the
spectral curve. Denote by P the total space of the sheaf ωC(S), with natural map q : P −→ C.
Let s ∈ H0(P,q∗(ωC(S))) be the tautological section: s(v) is v itself. Given a ∈ H
0(C,ω⊗2C (2S)) and
α ∈ H0(C,ωC(S)), we define the spectral curve Ct ⊂ P , t = (α, a), as the zero locus of the section
s2 − q∗(α) · s+ q∗(a) ∈ H0(P,q∗(ω⊗2C (2S))).
We note that Ct is singular if and only if there is a multiple zero of a which is a zero of α. In addition,
it comes with a degree two map
qt = q|Ct : Ct −→ C.
An equivalent definition is as follows. We can define a structure of commutative ring on OC⊕ωC(S)
∗
induced by t = (α, a):
(a0, a1) · (b0, b1) := (a0b0 − a(a1b1), a0b1 + a1b0 − α(a1b1)).(3.3)
This makes OC ⊕ ωC(S)
∗ an OC-algebra, which will be denoted by At, and it is locally given by
At(U) ≃
OC(U)[z]
(z2 − αz + a)
.
The spectral curve can be defined as
Ct = Spec(At).
In particular we see that
(qt)∗OCt = OC ⊕ ωC(S)
∗.(3.4)
The genus gt of Ct is given by
gt = 4(g − 1) + n+ 1.(3.5)
See [BNR89, Remark 3.2].
From now on we assume α = 0 and write simply Ca.
Remark 3.6. For a ∈ Γ(ω⊗2C (S)), Ca is singular if and only if either a ∈ Γ(ω
⊗2
C (S − pi)) or a ∈
Γ(ω⊗2C (S−2p)) with p ∈ C distinct of pi. When C is elliptic, then Ca is a smooth curve of genus n+1
for general a ∈ Γ(ω⊗2C (S)).
3.7. The locus of singular spectral curves. In this section we study the locus of characteristic
polynomials with singular spectral curves. The pair (C,S) can be recovered from this locus, this is
the approach of [HR04, Section 5], [BGM13, Section 4] and [AG19, Section 4].
We shall use the following notation: the dual space (PN )∨ parametrizes the set of hyperplanes in PN
and given a subvariety X of PN , its dual variety X∨ ⊂ (PN )∨ is the closure of the set of hyperplanes
containing the projective tangent space of a smooth point of X.
As before C denotes an elliptic curve and S = p1 + · · · + pn an effective reduced divisor on it.
Following the previous section, we denote by Hi = Γ(ω
⊗2
C (S − pi)) and Dp = Γ(ω
⊗2
C (S − 2p)). We
know that Ca is singular if and only if a ∈ D, where
D = ∪iHi ∪p∈C−S Dp ⊂ Γ(ω
⊗2
C (S)).
See Remark 3.6. We call D the locus of singular spectral curves. Notice that Dpi ⊂ Hi for every
pi ∈ S, and then we can write D as
D = ∪iHi ∪ D˜
where D˜ is the divisor formed by sections having a zero of multiplicity at least two
D˜ = ∪p∈CDp.
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If S has degree deg(S) ≥ 3, then ω⊗2C (S) is very ample, i.e., it defines an embedding
C −→ PΓ(ω⊗2C (S))
∨
sending p ∈ C to the point at PΓ(ω⊗2C (S))
∨ which corresponds to the hyperplane Γ(ω⊗2C (S − p)).
Therefore we identify C with its image in PΓ(ω⊗2C (S))
∨. Observe that C∨ = PD˜ ⊂ PΓ(ω⊗2C (S)), and
therefore by biduality we conclude that
(PD˜)∨ = C.
Also we have (PHi)∨ = pi ∈ C and then we recover (C,S) from D. We summarize the above discussion
in the following proposition.
Proposition 3.8. Let C be an elliptic curve and assume deg(S) ≥ 3. Let D be locus of singular
spectral curves and let a ∈ Γ(ω⊗2C (S)). Then:
(1) The spectral curve Ca is singular if and only if a ∈ D. If Ca is non-integral then a ∈ Γ(ω
⊗2
C ).
(2) The line bundle ω⊗2C (S) defines an embedding C →֒ PΓ(ω
⊗2
C (S))
∨.
(3) There is a decomposition of D on irreducible components D = ∪ni=1Hi∪D˜ such that (PD˜)
∨ = C
and (PHi)∨ = pi.
3.9. Fibers of the Hitchin map. Let us assume that Ca is irreducible and smooth. If M is a
line bundle on Ca then E = (qa)∗(M) is a rank two vector bundle on C and the tautological section
sa = s|Ca induces a homomorphism (sa)∗ : E −→ E ⊗ ωC(S). We can compute the degree of
E = (qa)∗M using (3.4) and the following identity
det(E) ≃ det((qa)∗OCa)⊗Nm(M)
where Nm(M) is the norm map (see [Har97, Chap. IV Ex. 2.6]):
degM = deg(E) + n+ 2g − 2.
Let us fix d = 1 + n + 2g − 2 and let Picd(Ca) be the variety parametrizing isomorphism classes of
line bundles on Ca of degree d. Using the correspondence that associates M to the pair (E, (sa)∗)
one can show that the general fiber of the Hitchin map h is an Abelian variety, this is essentially a
consequence of [BNR89, Proposition 3.6]. See also [LM10].
Proposition 3.10. Let C be an elliptic curve and assume degS = n ≥ 3. Let HaF be the moduli
space of µaF -semistable traceless parabolic Higgs bundles on (C,S) satisfying det(E) = OC(w).
(1) If a ∈ Γ(ω⊗2C (S))\D, then the spectral curve Ca is irreducible and smooth of genus n + 1, the
fiber h−1(a) is contained in HsaF and it is isomorphic to
Prym(Ca/C) =
{
M ∈ Picn+1(Ca) : det((qa)∗M) = OC(w)
}
.
(2) For general a ∈ D, Ca is an integral curve whose only singularity is one simple node, h
−1(a)
is contained in HsaF and it is a uniruled variety.
Proof. Let us prove (1). By Proposition 3.8, the spectral curve is smooth and integral for a ∈
Γ(ω⊗2C (S))\D. Thus from [BNR89, Proposition 3.6], there is a bijective correspondence between
Picn+1(Ca) and isomorphism classes of pairs (E, θ) where E is a vector bundle of rank two and degree
1, and θ : E → E ⊗ ωC(S) is a homomorphism with tr(θ) = 0 and det(θ) = a. We note that since
det(θ) lies in the subspace Γ(ω⊗2C (S)) of Γ(ω
⊗2
C (2S)) then any residual matrix Res(θ, pi) has determi-
nant equal to zero. So, the parabolic direction Vi is defined as the kernel of Res(θ, pi). We claim that
(Ev, θ) is µaF -stable. If not, then there is a line subbundle L ⊂ E invariant under θ and this implies
that Ca is non-integral, which gives a contradiction. To conclude the proof of (1) we note that h
−1(a)
is formed by those (Ev, θ) with det(E) = OC(w).
We now prove (2). We first note that Ca has a simple node at the point over pi for general
a ∈ Hi = Γ(ω
⊗2
C (S − pi)). Indeed, since Γ(ω
⊗2
C (S − 2pi)) has dimension n − 2, then it is a proper
subspace of Hi. In addition, Ca is singular over pj, j 6= i, if and only if a ∈ Γ(ω
⊗2
C (S − pi − pj)) and
it is singular over a nonparabolic point p if and only if a ∈ Γ(ω⊗2C (S − pi − 2p)). We conclude that
for general a ∈ Hi, Ca is an integral curve having only one singularity which is a simple node over pi.
The same reasoning can be applied to a general point of D˜. Now let a ∈ D be general, as before we
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can see that h−1(a) is contained in HsaF and one obtains a bijective correspondence between h
−1(a)
and the isomorphism classes of torsion free sheaves M of rank 1 and degree n + 1 on Ca such that
det((qa)∗M) = OC(w). Equivalently, h
−1(a) is a fiber of the map ψ : Pic
n+1
(Ca) → Pic
1(C) that
sends M to det((qa)∗M). We now note that h
−1(a) is uniruled. Indeed, by [Bho92, Proposition 2.2]
the compactified Jacobian Pic
n+1
(Ca) is uniruled and ψ contracts any rational curve because there is
no nonconstant morphism from a rational curve to an Abelian variety.

4. The Torelli theorem for the model MaF
In this section we prove Theorem 1.1, our main result. For this, we need some preliminary results.
We let E1 denote the unique, up to isomorphism, nontrivial extension
0→ OC → E1 → OC(w)→ 0.
4.1. Indecomposable parabolic vector bundles. A quasiparabolic bundle (E,v) is decomposable
if there exists a decomposition E = L⊕M such that each parabolic direction is contained either in L
or in M . In this case, we write
(E,v) = (L,v1)⊕ (M,v2).
Proposition 4.2. Let C be an elliptic curve and assume degS = n ≥ 2. Let Ev be an indecompos-
able parabolic bundle which is not µaF -stable. Then there exists an elementary transformation which
transforms Ev into one of the following:
(1) E = E1 and for any destabilizing subbundle L ⊂ E1, the number of parabolic directions away
from L is at most n2 − 1;
(2) E = L ⊕ L−1(w), L2 ≃ OC(w + pi) for some i = 1, . . . , n, Vi does not lie in L, there is no
embedding of L−1(w) containing Vi and all the other parabolic directions lie in L.
Proof. First let us assume E = E1. Since Ev is not µaF -stable, there exists a line subbundle L ⊂ E1
satisfying
1− 2 deg(L) +
m0
2
−
m1
2
≤ 0(4.2)
where m0 is the number of parabolic directions not lying in L and m1 is the number of parabolic
directions that lie in L. Maximal subbundles of E1 have degree zero, then degL ≤ 0 and from (4.2)
we get m0 ≤
n
2 − 1.
We now assume that Ev is indecomposable as parabolic bundle, but E = L ⊕ L
−1(w). Since
L ⊕ L−1(w) ≃ M ⊕M−1(w) with M = L−1(w) we may assume degL = k ≥ 1. Thus L is the only
maximal subbundle and it corresponds to a section of PE with self-intersection 1 − 2k. In order to
arrive in cases (1) or (2) of the statement, we will perform an elementary transformation elemI over
parabolic points {pi}i∈I whose parabolic directions are away from L and such that I ⊂ {1, . . . , n} has
even cardinality.
First we will show that we can assume degL = 1, up to elementary transformation. The family of
embeddings L−1(w) →֒ L⊕L−1(w) is parametrized by Γ(L2(−w)), thus from Riemann-Roch theorem
we conclude that it has dimension 2k − 1. Assuming k > 1, given a parabolic direction Vi outside L
we can choose an embedding of L−1(w) passing through it, because Γ(L2(−w)) has no base points. In
the same way given a set {Vi1 , . . . , Vi2k−2} of 2k − 2 parabolic directions outside L we can choose an
embedding of L−1(w) passing through them. In particular, since Ev is indecomposable there are at
least 2k − 1 parabolic directions, {Vi1 , . . . , Vi2k−2 , Vi2k−1} away from L. Choosing I = {i1, . . . , i2k−2},
the elementary transformation elemI transforms L to a subbundle whose corresponding section has
self-intersection −1 and the transformed of L−1(w) corresponds to a section of self-intersection +1.
Thus after elementary transformation we can assume E = L⊕ L−1(w) with degL = 1.
When E = L ⊕ L−1(w) with degL = 1, the family of embeddings L−1(w) →֒ L ⊕ L−1(w) is
one dimensional. This family corresponds to a one dimensional family of sections which have self-
intersection +1. Writing L2(−w) = OC(p) we see that the linear system Γ(L
2(−w)) has a base point
at p, which means that the family of +1 sections given by L−1(w) has a base point at the fiber over p.
Thus given a parabolic direction Vi outside L, we can find an embedding of L
−1(w) passing through
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it if and only if p 6= pi. On the one hand, since n ≥ 2, if p 6= pi then there exists at least one parabolic
Vi ⊂ L
−1(w) and, since Ev is indecomposable, at least one parabolic Vj * L−1(w), Vj * L. In this
setting we perform one elementary transformation elemi,j in order to transform E into E1. On the
other hand, if p = pi either we are in case (2) of the statement or we can transform E into E1 applying
an elementary transformation elemi,j over two parabolic directions outside L. This finishes the proof
of the proposition.

4.3. The complement of T ∗MsaF . In this section we study the complement of T
∗MsaF in H
s
aF
. We
will need the following result which concerns to Higgs bundles whose underlying parabolic bundle is
decomposable.
Lemma 4.4. Let C be an elliptic curve and assume degS ≥ 2. Let (Ev, θ) be a µaF -semistable
traceless Higgs bundle whose underlying parabolic bundle (E,v) is decomposable (E,v) = (L,v1) ⊕
(L−1(w),v2), degL ≥ 1. Let D be the divisor corresponding to those parabolic directions which lie in
L and let m = degD. Then
2 degL ≤ n−m+ 1
and we have:
(1) if L2 ≃ OC(S −D + w) then Γ(SEnd0(Ev)⊗ ωC(S)) has dimension n+ 2;
(2) otherwise, Γ(SEnd0(Ev)⊗ ωC(S)) has dimension n+ 1.
Proof. Let us assume that E is defined by the cocycle
Gij =
(
gij 0
0 fij
)
where {gij} determines the line bundle L and {fij} defines L
−1(w). A traceless Higgs field θ on E
with logarithmic poles at S is determined by θi in charts Ui ⊂ C where
θi =
(
αi βi
γi −αi
)
∈ GL2(ωUi(S))
with {αi}, {βi} and {γi} satisfying the compatibility conditions
θi ·Gij = Gij · θj
on each intersection Ui ∩ Uj . Equivalently,

α = {αi} ∈ Γ(ωC(S))
{βi} induces an element β = {fig
−1
i βi} ∈ Γ(ωC(S)⊗ L
2(−w))
{γi} induces an element γ = {gif
−1
i γi} ∈ Γ(ωC(S)⊗ L
−2(w)).
where fij = fi/fj and gij = gi/gj are meromorphic resolutions of the cocycles.
Since any parabolic direction lies either in L or in L−1(w), the condition which says that θ is strongly
parabolic yields 

α ∈ Γ(ωC)
β ∈ Γ(ωC(D)⊗ L
2(−w))
γ ∈ Γ(ωC(S −D)⊗ L
−2(w)).
If degL > (n−m+ 1)/2 then Γ(ωC(S −D)⊗ L
−2(w)) = {0}. This implies γ = 0 and L invariant
under θ. Since we have µaF (L,E) > µaF (E) one concludes that (Ev, θ) is not µaF -semistable and we
get a contradiction. This finishes the first assertion of the statement.
An element θ of Γ(SEnd0(Ev)⊗ ωC(S)) is determined by α, β and γ as above, thus the conclusion
of the proof follows from Riemann-Roch theorem, which can be applied to Γ(ωC), Γ(ωC(D)⊗L
2(−w))
and Γ(ωC(S −D)⊗ L
−2(w)).

The next result shows that under hypothesis of Lemma 4.4 we can assume (E,v) = (L,v1) ⊕
(L−1(w),v2) with degL = 1, up to an elementary transformation.
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Lemma 4.5. Let C be an elliptic curve and assume degS = n ≥ 2. Let (Ev, θ) be a µaF -semistable
traceless Higgs bundle whose underlying parabolic bundle Ev is decomposable (E,v) = (L,v1) ⊕
(L−1(w),v2), degL ≥ 1. Then up to an elementary transformation we can assume degL = 1.
Proof. By Lemma 4.4, we obtain m ≤ n + 1 − 2 degL. Then there are at least 2 degL− 1 parabolic
directions away from L, i.e., lying in L−1(w). After performing an elementary transformation over
2 degL− 2 of them, the transformed of L is a line subbundle of degree 1. 
Lemma 4.6. Assume we are in case (2) of Proposition 4.2, then any element θ ∈ Γ(SEnd0(Ev) ⊗
ωC(S)) leaves L invariant. In particular, θ is not µaF -semistable.
Proof. For simplicity, we assume i = 1, i.e., E = L⊕ L−1(w) and L2 ≃ OC(w + p1). As in the proof
of Lemma 4.4, a traceless Higgs field θ on E = L⊕L−1(w) with logarithmic poles at S is determined
by a family of {θi}
θi =
(
αi βi
γi −αi
)
∈ GL2(ωUi(S))
satisfying the compatibility conditions θi ·Gij = Gij · θj.
Since any parabolic direction lies in L, unless V1, the condition of been strongly parabolic at pj,
j 6= 1, together with L2 ≃ OC(w + p1) yield

α ∈ Γ(ωC(p1))
β = {fig
−1
i βi} ∈ Γ(ωC(S + p1))
γ = {gif
−1
i γi} ∈ Γ(ωC).
Now since Γ(ωC(p1)) = Γ(ωC) the residual matrix of θ at p1 is given by
Res(θ; p1) =
(
0 b
c 0
)
Finally, since the parabolic direction V1 does not lie in L neither in L
−1(w) we get b = c = 0. This
implies β = {fig
−1
i βi} ∈ Γ(ωC(S)) and γ = {gif
−1
i γi} ∈ Γ(ωC(−p1)) = {0}. In particular, γ = 0 and
this yields L invariant under θ.

Proposition 4.7. Let C be an elliptic curve and assume degS = n ≥ 3. The complement of T ∗MsaF
in HsaF has codimension at least
n
2 .
Proof. Let Z = HsaF \ T
∗MsaF be the complement. Elements of Z correspond to those traceless
µaF -stable parabolic Higgs bundles (Ev, θ) whose underlying parabolic vector bundle Ev is not µaF -
stable. The finite group El formed by elementary transformations, described in Section 2, acts on HaF
preserving the locus Z. Let us consider the following families of semistable parabolic Higgs bundles:
(1) Zdec = {(Ev, θ) ∈ Z : Ev is decomposable Ev = (L,v1)⊕ (L
−1(w),v2),degL = 1}.
(2) Zind = {(Ev, θ) ∈ Z : E = E1}.
Proposition 4.2 classifies indecomposable parabolic bundles which are not µaF -stable, up to the
action of El. In addition, by Lemma 4.6 we can exclude case (2) of Proposition 4.2. When Ev
is decomposable (E,v) = (L,v1) ⊕ (L
−1(w),v2), it follows from Lemma 4.5 that we may assume
degL = 1, up to an elementary transformation. Therefore, we conclude that
Z =
⋃
ϕ∈El
ϕ(Zdec) ∪ ϕ(Zind).
When (Ev, θ) ∈ Zdec the underlying parabolic bundle Ev = (L,v1) ⊕ (L
−1(w),v2) is completely
determined by (L,v1), degL = 1, because L is the only maximal subbundle. Let D be the divisor
formed by parabolic points whose parabolic directions belong to v1 and let m = degD (m = 0
included). In order to bound the dimension of Zdec we may assume that D is fixed. The space of Higgs
bundles over Ev is given by the quotient of Γ(SEnd0(Ev) ⊗ ωC(S)) by the group of automorphisms
of E fixing parabolic directions, namely the group
Aut(Ev) =
{
σa,c =
(
a 0
0 c
)
: a, c ∈ C∗
}
.
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By Lemma 4.4, Γ(SEnd0(Ev)⊗ ωC(S)) has dimension n+1, unless L
2 ≃ OC(S −D+w) which gives
dimension n+2. The group Aut(Ev) acts on Γ(SEnd0(Ev)⊗ωC(S)) with positive dimensional generic
orbit. For instance, σa,c acts as a dilatation on β and γ, sending β to (ac
−1)β and γ to (a−1c)γ. Hence,
for each L ∈ Pic1(C) ≃ C the quotient of Γ(SEnd0(Ev)⊗ ωC(S)) by Aut(Ev) has dimension at most
n, unless L is a square root of OC(S −D + w) which gives dimension n + 1. We conclude that Zdec
has dimension at most n+ 1.
We now assume that (Ev, θ) ∈ Zind, i.e., we are in case (1) of Proposition 4.2. Since E1 has no
automorphisms, besides trivial ones, the parabolic vector bundle (E1,v) is completely determined by
a destabilizing subbundle L of degree k ≤ 0 and by a set {Vi1 , . . . , Vim0} of m0 parabolic directions
outside L, 0 ≤ m0 ≤
n
2 − 1. Let us fix k ≤ 0 and a subset I = {i1, . . . , im0} of {1, . . . , n}. Let
Ic ⊂ {1, . . . , n} be the complement of I and let Zind(k, I
c) be the family of parabolic Higgs bundles
(E1,v, θ) having a destabilizing subbundle L of degree k satisfying Vj ⊂ L for all j ∈ I
c. For each
L ∈ Pick(C), the underlying parabolic bundle (E1,v) in this family is determined by those parabolic
directions over I:
(Vi1 , . . . , Vim0 ) ∈ P(Ei1)× · · · × P(Eim0 ) ≃ (P
1)m0 .
Varying L ∈ Pick(C), these parabolic bundles form a family of dimension 1 +m0. We note that each
(E1,v) is µa-stable with respect to a weight a = (a1, . . . , an) satisfying 0 < ai < 1 and
∑
ai < 1. This
gives
Γ(SEnd0(E1,v) ⊗ ωC(S)) ≃ T
∗
(E1,v)
Ma
and hence Γ(SEnd0(E1,v) ⊗ ωC(S)) has dimension n. This shows that Zind(k, I
c) has dimension at
most 1+m0+n, with m0 ≤
n
2 −1. Therefore, since Zind is a countable union of Zind(k, I
c), we obtain
that its codimension is at least n2 . This concludes the proof of the proposition.

4.8. Affinization. Let X be an algebraic variety over C and C[X] its algebra of global regular
functions. There is a map X → Spec(C[X]), called affinization map, which sends x ∈ X to the
maximal ideal mx ⊂ C[X] formed by global regular functions vanishing at x. If U ⊂ X is an affine
open subset then the restriction of the affinization map to U is the map U → SpecC[X] induced by
the restriction homomorphism
rU : C[X]→ C[U ]
which sends f to f |U .
We will show that the ring A = C[T ∗MsaF ] produces a map
h˜ : T ∗MsaF −→ Spec(A)
which turns out to be the Hitchin map, up to an automorphism on the basis:
Proposition 4.9. Let C be an elliptic curve and assume degS ≥ 3. We have an isomorphism
Spec(A) ≃ Γ(ω⊗2C (S)) and the Hitchin map h : T
∗MsaF −→ Γ(ω
⊗2
C (S)) is simply the affinization
h˜ : T ∗MsaF −→ Spec(A)
up to this isomorphism.
Proof. Let Σ = Γ(ω⊗2C (S)). Given a regular function f ∈ C[Σ], the composition with h gives a regular
function f ◦ h ∈ A. Since Σ = Spec(C[Σ]), this gives a map from Spec(A) to Σ. Reciprocally, given
g ∈ A, it follows from Proposition 4.7 and Hartogs theorem that g extends to a regular function g on
HsaF . By Proposition 3.10, the restriction of g to a fiber h
−1(a), of the Hitchin map h : HsaF → Σ,
is constant, varying a away from a codimension two subset of Σ. Then there is a regular function
f : Σ −→ C satisfying g = f ◦ h. This shows that the isomorphism Spec(A) ≃ Σ is induced by the
homomorphism h∗ : C[Σ]→ A which sends f to f ◦ h.
Now if U ⊂ T ∗MsaF is an affine open subset, since h˜|U is induced by the restriction homomorphism
rU : A → C[U ], the conclusion of the proof of the proposition follows from the commutativity of the
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diagram
C[U ]
OO
rU
cc
(h|U )
∗
●
●
●
●
●
●
●
●
A oo
h∗
C[Σ].

4.10. Torelli theorem.We now prove the Torelli type theorem, which is Theorem 1.1 of the intro-
duction:
Theorem 4.11. Let C and C ′ be two elliptic curves. Let S = p1 + · · · + pn and S
′ = p′1 + · · · + p
′
n
denote two effective reduced divisors on C and C ′, respectively, with n ≥ 3. Given w ∈ C and w′ ∈ C ′,
consider the two moduli spaces MaF and M
′
aF
of µaF -semistable parabolic vector bundles, over (C,S)
and (C ′, S′), with fixed determinant line bundle OC(w) and OC′(w
′), respectively. If these moduli
spaces are isomorphic, then there is an isomorphism C −→ C ′ sending S to S′.
Proof. Let φ : MaF −→ M
′
aF
be an isomorphism and consider the induced isomorphism on the
cotangent bundles ψ : T ∗MsaF −→ T
∗M′saF . By Proposition 4.9, there is a morphism of affine
varieties ξ : Γ(ω⊗2C (S)) −→ Γ(ω
⊗2
C (S
′)) making the following diagram commute:
T ∗MsaF T
∗M′saF
Γ(ω⊗2C (S)) Γ(ω
⊗2
C (S
′)).
ψ
ξ
h′h
We note that the C∗-action by dilatations on the fibers of the map T ∗MsaF −→ M
s
aF
induces a
C∗-action on Γ(ω⊗2C (S)): (λ, a) 7→ λ
2 · a. Since ψ is C∗-equivariant then ξ is also C∗-equivariant,
and then linear. By Proposition 3.10, the fiber h−1(a) is an open subset of an abelian variety for
a ∈ Γ(ω⊗2C (S))\D and it is an open subset of a uniruled variety for general a ∈ D. The same assertion
holds for h′. Since abelian varieties are not uniruled, one obtains that ξ preserves the locus of singular
spectral curves, i.e., it sends D to D′. Therefore, it induces a map ξ∨ : PΓ(ω⊗2C (S))
∨
−→ PΓ(ω⊗2C′ (S
′))
∨
that sends PD∨ to PD′∨. By Proposition 3.8(3), ξ∨ sends (C,S) to (C ′, S′). 
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